The generation of a Gaussian random process in a position parameter by Finn, D. L. & Yates, W. A.
a 
B 
, 
i 
TECHNICAL NOTE NO. 10 
Pro j ec t A-588 
THE GENERATION OF A GAUSSIAN RANDOM 
PROCESS IN A POSITION PARAMETER 
. 
Prepared for 
George C. Marshall Space Flight Center 
Huntsville, Alabama 
GPO PRICE S 
CFSTI PRICE(S) $ 
Contract No. NAS8-2473 
Hard copy (HC) .3- P 
/ 
Microfiche (M F) /&  
/ 
(Development of New Methods and ff 653 July 65 
Applications of Analog Computation) 
14 December 1965 
School of Electrical Engineering 
GEORGIA INSTITUTE OF TECHNOLOGY 
Atlanta, Georgia 
https://ntrs.nasa.gov/search.jsp?R=19670009086 2020-03-16T18:55:02+00:00Z
' GEORGIA INSTITUTE OF TECHNOLOGY 
School of Electr ica l  Engineering 
Atlanta, Georgia 
( = G I T / E E s & ~ ~ o ~ ~  A588/T10) . ' 
'\ 14 December 1965 !. k - 3  t 
* THE GENERATION OF A GAUSSIAN 
RANDOM PROCESS I N  A POSITION PARAMETER 
. 
BY 
David L,  Finn 
W, A. Yates 8 
TECHNICAL NOTE NO, 10 
on 
Contract No, NAS8-2473 1. 
(Development of New Methods and 
Applications of Analog Computation) 
. 
For 
GEORGE C, MARSHALL SPACE FLIGHT CENTER 
Huntsville, Alabama 
ABSTRACT 
c 
A method is presented f o r  approximating, by use of analog computer components, 
any prescr ibed s t a t iona ry  Gaussian random process depending only on a pos i t i on  
parameter x o  
of t h e  prescr ibed random process on some phys ica l  device o r  sensing element whose 
v a r i a b l e  loca t ion  is  spec i f i ed  by the pos i t i on  parameter x o  
t h e  mechanization system are Gaussian white no i se  and t h e  f i r s t  d e r i v a t i v e  of the  
func t ion  of time descr ibing the  pos i t ion  of the  sensing element, Best approxima- 
t ion of the  prescr ibed random process is  obtained when the  second d e r i v a t i v e  of 
t he  func t ion  of t i m e  descr ibing the pos i t i on  of t he  sensing element is r e s t r i c t e d  
t o  s m a l l  va lues ,  
The output of the  analog mechanization system simulates  t he  e f f e c t  
The two inputs  t o  
i 
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I, INTRODUCTION AND SUMMARY 
* 
I n  Technical Note No, 5 f o r  t h i s  p ro j ec t  a s p e c i a l  class of s t o c h a s t i c  
These processes were designated as p a r t i a l l y  s t a t i o n a r y  processes  was defined, 
s t o c h a s t i c  processes,  This class h a s  p o t e n t i a l  usefulness  i n  the  development 
of methods of generat ing nonstationary s t o c h a s t i c  processes  f o r  s imulat ing t h e  
random wind dis turbances that: a f f e c t  a rocket i n  f l i g h t ,  
A s t o c h a s t i c  process represent ing random wind dis turbances necessa r i ly  
depends on one o r  more pos i t i on  parameters as w e l l  as time, For example, t h e  
wind dis turbance a f f e c t i n g  a rocket i n  f l i g h t  might be represented by a random 
process  g(x, t ) ,  Here, x is  taken t o  represent  the  a l t i t u d e  of the  rocket  a t  
t he  t i m e  i n s t a n t  t o  For a p a r t i c u l a r  rocket  f l i g h t  the  a l t i t u d e  i s  descr ibed 
by a funct ion of t i m e  x ( t ) .  I n  t h i s  case, the  wind dis turbance a f f e c t i n g  the  
rocke t  is represented by the  composite process  g ( x ( t ) ) o  
g ( x ( t ) )  depends only on a t i m e  parametero 
The composite process 
In  Technical Note No, 3 f o r  t h i s  p ro jec t  a synthes is  method was given f o r  
t he  generat ion of nonstat ionary time-parameter random processes having a 
prescr ibed f i r s t  and second moment, This syn thes i s  method can be used i n  the  
s imulat ion of t h e  random dis turbance a f f e c t i n g  a rocket  i n  f l i g h t  following a 
prescr ibed t r a j ec to ry ,  The present research  e f f o r t  has been d i r ec t ed  toward 
the  development of s imulat ion methods t h a t  do not  r equ i r e  a p r i o r  spec i f ica-  
t i o n  of the  f l i g h t  t r a j e c t o r y ,  
It appears t h a t  the  most d i f f i c u l t  aspec t  of t he  mechanization of a process 
of the type g(x, t) mentioned above is  obta in ing  t h e  required dependence on the  
pos i t i on  parameter x o  For t h i s  reason the  preliminary work that is reported i n  
t h i s  technica l  no te  has been d i rec ted  toward the  generat ion of a random process 
that depends only on a poe i t ion  parameter. 
l i s t e d  i n  Chapter I1 ind ica t e s  tha t  t h e  mechanization procedure presented i n  t h i s  
t echn ica l  no te  has s u b s t a n t i a l  po ten t i a l  usefulness  i n  its own r i g h t ,  
important,  t he  present  study has provided techniques t h a t  appear t o  be appl icable  
i n  t h e  more genera l  problem of generating a random process depending on both a 
pos i t i on  and t i m e  parameter, 
A study of poss ib l e  app l i ca t ions  
More 
Chapter I1 of t h i s  technica l  no te  is devoted t o  a genera l  d i scuss ion  of 
random processes  t h a t  depend on a pos i t i on  parameter, Chapter I11 presen t s  a 
de r iva t ion  of t he  t r a n s f e r  function that is used as a b a s i s  f o r  t h e  approxima- 
t i o n  of a s t a t i o n a r y  Gaussian random process depending on a s i n g l e  pos i t i on  
parameter x ,  I n  genera l  f o r  good approximation t h e  pos i t i on  parameter, which 
1 
is taken to describe the position of some physical element, is constrained to 
have a small second derivative with respect to time, This means that the 
physical element must have a small acceleration, 
Section 303 of this technical note presents one mechanization system that 
generates a random process of the type described in Section 3,1, 
contains the results of a theoretical and experimental study of a mechanlzation 
system that generates a stationary Gaussian process having an exponential auto- 
correlation function, 
exact realization of the desired random process, 
Chapter IV 
It is shown that this system theoretically provides an 
2 
11, RANDOM PROCESSES DEPENDENT ON A POSITION PARAMETER 
A gene ra l  desc r ip t ion  of random processes  depending on a pos i t i on  parameter 
i s  given i n  t h i s  chapter ,  
s imula t ion  s t u d i e s  are mentioned fo r  random processes  depending on a pos i t i on  
parameter, The transformation of a given position-parameter process i n t o  a 
Several  app l i ca t ions  of poss ib l e  i n t e r e s t  i n  analog 
composite process depending on time is discussed,  
t he  e f f e c t  of the  position-parameter process on some phys ica l  element whose posi- 
t i o n  varies with t i m e ,  
The composite process eva lua tes  
2 , l  General Descr ipt ion 
A random process (or  s tochas t i c  process) g(x) ,  -- a x - is an indexed col-  
l e c t i o n  of random va r i ab le s ,  
sample func t ions  assoc ia ted  with a p robab i l i t y  measure, I n  t h i s  t echn ica l  no te  
the  sample func t ions  of t he  process g(x) are considered t o  depend on a pos i t i on  
parameter xo 
The process may be charac te r ized  as an ensemble of 
Sample func t ions  of a random process of t h e  type under considerat ion might 
t y p i c a l l y  have an appearance as shown i n  Figure 2.1, 
processes  conceptual ly  might be represented as random processes depending on a 
p o s i t i o n  parameter, 
t he  random su r face  v a r i a t i o n s  of an a i r p o r t  runway o r  a highway, 
r ep resen t  su r f ace  i r r e g u l a r i t i e s  in a channel o r  tube t h a t  is guiding t h e  move- 
ment of a l i q u i d  or gaseous substance, They possibly could dep ic t  small random 
v a r i a t i o n s  i n  the  dens i ty  o r  hardness of a s o l i d  material t h a t  is being processed 
by a saw,  l a t h e ,  o r  d r i l l  p ress ,  The sample func t ions  might s imulate  v a r i a t i o n s  
i n  t h e  width o r  thickness  of a long ribbon of material subjected t o  a r o l l i n g  
opera t ion  i n  an i n d u s t r i a l  p l an t ,  
t o  represent  some type of random i r r e g u l a r i t y  whose va lue  is dependent only upon 
i ts  pos i t i on  with respec t  t o  a s p a t i a l  coordinate  system, 
Many d i f f e r e n t  phys ica l  
The sample funct ions depicted i n  Figure 2 , l  might represent  
They might 
I n  a l l  cases, t h e  sample func t ions  are taken 
2,2 Transformation i n t o  Random Processes Dependent on a T ime  Parameter 
For the  phys ica l  processes  mentioned i n  the  previous sec t ion  a phys ica l  
device o r  sensing element of some kind whose loca t ion  i n  space may be descr ibed 
by a pos i t i on  coordinate  x is a f fec t ed  by a random process  g(x) depending only 
on t h e  pos i t i on  coordinate ,  
of time x ( t )  is  generated t h a t  descr ibes  t h e  instantaneous loca t ion  of t he  
element, 
element is descr ibed by the  va lue  of g(x) ,  
As the  sensing element changes pos i t i on  a func t ion  
A t  t he  pos i t i on  x the  e f f e c t  of t h e  random process on t h e  sensing 
When the  pos i t i on  is a func t ion  of 
3 
I, 
Figure 2.1. Sample Functions of a Random Process 
Depending on a Pos i t i on  Parameter. 
4 
time x(t) the effect of the random process on the sensing element at the instant 
of time t is described by the value of the composite process g(x(t)). A typical 
- sample function for a process g(x) is shown in Figure 2,2, Also, the correspond- 
ing sample function for the composite time dependent process g(x(t)) is shown for 
an assumed time variation of position x(t), 
The fact that the composite process g(x(t)) is dependent upon a time para- 
meter provides the potentiality that the effect of the process g(x) on a sensing 
element having position x(t) may be simulated by an analog computer system operat- 
ing in the time domain, 
2,3 Mathematical Characterization 
Gaussian random processes are utilized in the mechanization system whose * 
synthesis is presented in this technical note, 
characterized by specification of its mean and its autocorrelation function, 
A Gaussian process is uniquely 
The mean m of a random process g(x) is defined as the expected value of 
g 
the random variable generated by the process for a fixed position xo 
The autocorrelation function R (x x2) is defined as 
8 1' 
A random process is said to be stationary in the wide-sense if its mean 
and autocorrelation function are independent of the origin for position x, 
a wide-sense stationary random process there results: 
For 
Here, the mean is a constant and the autocorrelation function depends only on 
the position difference T = x1-x2., 
~~~~~~ . ~~ * 
Reference 2, page 145, 
5 
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Figure 2.2. Transformation of a Position Parameter 
Process g(x) into a Time Parameter Process 
g(x(t)) by Specification of Position as a 
Function of Time x(t). 
6 
The power spectral  density S (w) for a wide-sense stationary random process * g 
is  defined a s  
The autocorrelation function may be expressed i n  terms of the power spectral  
density as 
W 
Rg(?) = E 1 / S (w)ejuTdu. I3 -W 
* 
Refer6nce 2 ,  page 104: Reference 7 ,  page 338, 
7 
111, THE MECHANIZATION PROCEDURE 
I 
I n  t h i s  chapter  a synthes is  procedure is  presented €or  a mechanization 
system t o  approximate composite random processes  of t he  type described i n  
Chapter 11, 
only on a space coord ina te  x, t h a t  is experienced by a phys ica l  device o r  
sensing element having a v a r i a b l e  pos i t ion  spec i f i ed  by the  coordinate  x, 
This v a r i a b l e  pos i t i on  i s  described by a funct ion of t i m e  x ( t ) ,  
Such a composite process r ep resen t s  a random e f f e c t ,  depending 
The procedure is r e s t r i c t e d  t o  t he  generat ion of a Gaussian random 
process  g(x)  t h a t  is s t a t iona ry  i n  a pos i t i on  parameter x ,  The assoc ia ted  
composite process g ( x ( t ) )  is i n  general  nonstat ionary i n  t i m e ,  
t he  func t ion  of t i m e  x ( t )  should be constrained t o  have a s m a l l  second d e r i v a t i v e  
wi th  respec t  t o  t i m e  i n  order  f o r  the output  of the  mechanization system t o  
provide a c lose  approximation to  t h e  composite process g ( x ( t ) ) o  
the  phys ica l  device o r  sensing element should have a small. acce le ra t ion ,  
I n  general  
This means t h a t  
It is known t h a t  f o r  any random process  having given mean and autocorrela-  
t i o n  funct ion,  t he re  e x i s t s  a Gaussian process with i d e n t i c a l  mean and autocor- 
r e l a t i o n  funct ion,  
a r b i t r a r y  wide-sense s t a t iona ry  random process are of interest i n  a s imulat ion 
s tudy,  the  generat ion of an appropriate  Gaussian process w i l l  s u f f i c e ,  
* 
Thus, i f  only t h e  f i r s t  t w o  s ta t is t ical  moments of an 
3 , l  Derivat ion of an Equation Characterizing the  Mechanization System 
Without l o s s  of gene ra l i t y  the syn thes i s  technique presented i n  t h i s  
t echn ica l  no te  is concerned wi th  the r e a l i z a t i o n  of processes  g(x) having mean 
equal  t o  zeroo Processes having nonzero mean can be r e a l i z e d  as the  sum of t h e  
random process generated by t h i s  technique and the  output of a source having 
cons tan t  output numerically equal  t o  m 
g 
It is assumed t h a t  t he  s t a t iona ry  Gaussian process g(x) i s  such t h a t  i f  x 
is  replaced by t then t h e  t i m e  dependent process g ( t )  can be r e a l i z e d  by t h e  
app l i ca t ion  of Gaussian white noise  t o  a l i n e a r  f i l t e r ,  Further ,  t he  power 
s p e c t r a l  dens i ty  is assumed t o  be expressed a s  a r a t i o  of two polynomials i n  w c  
Thus r e s t r i c t e d ,  t h e  power spec t r a l  dens i ty  may be expressed as 
** 
* 
** Reference 8 ,  page 3, 
Reference 2,  page 227, 
a 
. 
Here, H (p) is t h e  t r a n s f e r  function of a t i m e  i nva r i an t  l i n e a r  f i l t e r ,  This 
t r a n s f e r  func t ion  may be expressed as a r a t i o  of two polynomials i n  complex 
frequency p o  
g 
a + a l  p + aZ p 2 am p m 
2 n 0 (302) 
0 
Hg(P) = 
b + bl p + b2 p + , , e +  bn p 
0 
A technique f o r  determining the  a k a n d  b 
(3,2) i s  discussed i n  Reference 2,  page 233, 
example i n  Chapter 4 of t h i s  technica l  no teo  
i n  the  t r a n s f e r  func t ion  of equation 
These are evaluated f o r  a simple 
k 
The t r a n s f e r  func t ion  H (p) of (3 ,2)  may be r e a l i z e d  i n  a v a r i e t y  of ways 
by t h e  use of analog computer elements, Spec i f i ca l ly ,  t h i s  t r a n s f e r  func t ion  
H (p) may be r e a l i z e d  by an appropriate  mechanization of t h e  d i f f e r e n t i a l  equa- 
t i o n  shown i n  equation (3,3), 
g * 
g 
dne e +,,,+ bn -
dtn  
2 
d t  
de 
bo e + b l  .dt+ b2 2
dmw = a w + a l = +  dw a2 T + ~ , , +  d w  am 
d t  d tm 
2 -
0 
I f  a Gaussian white no ise  random process w(t)  having a power s p e c t r a l  
d e n s i t y  of un i ty  is appl ied  t o  a l i n e a r  f i l t e r  having t h e  t r a n s f e r  func t ion  
H (p) of (3,2) t h e  output  of t he  f i l ter  is a Gaussian random process e ( t )  
having power spectral dens i ty  equal t o  S (w) of ( 3 , l )  and corresponding auto- 
c o r r e l a t i o n  funct ion R (T), Thus, t he  f i l t e r  ou tput  e ( t )  is a r e a l i z a t i o n  of 
the  random process g(x) where x has been replaced by t o  It is clear t h a t  t he  
output  e ( t )  thus represents  a r e a l i z a t i o n  of t h e  composite random process 
g ( x ( t ) )  where the  pos i t i on  of t h e  sensing element is descr ibed by t h e  func t ion  
x ( t )  = to  This mechanization i s  depicted i n  Figure 3,1, 
g 
g 
g 
The mechanization of t he  composite process g ( x ( t ) )  when the  pos i t i on  of 
t he  sensing element is  descr ibed by t he  equation x ( t )  = v t  + K may be accomplished 
i n  a s t ra ight forward  mannerc Here, v and K are assumed t o  be  a r b i t r a r y  cons tan ts ,  
It is  noted t h a t  v is t h e  de r iva t ive  of x ( t )  with respect t o  t i m e ,  
The mechanization j u s t  described is  again accomplished by applying Gaussian 
white no i se  w(t)  t o  a l i n e a r  f i l t e r  having output  e ( t ) ,  The .output of t h e  f i l t e r  
* 
Reference 4, Reference 60 
9 
Figure 3.1. Mechanization of the Composite Process 
g(x(t)) with x(t) = t. 
w ( t )  . H V ( P )  
L 
e ( t )  = g ( v  t + K )  
t 
Figure 3.2. Mechanization of the Composite Process 
g(x(t)) with x(t) = v t + K. 
Figure 3.3. Approximation of the Composite Process 
g(x( t 1 ) .  
is to be 
The autocorrelation function of the output is 
Rv(t2 + T~ t2) = E(g(vt2 + VT + K)g(vt2 + K))= R ( v T ) ~  (3 0 5 )  g 
Thus, mechanization may be accomplished by providing a filter whose output 
e(t) has autocorrelation function: 
The power spectral density for e(t) is 
W 
W 
-JUT = 1 Rg(vf)e dr 
-W 
The mechanization may be accomplished by applying a Gaussian white noise 
random process w(t) having Sw(w) = 1 to a linear filter having transfer 
function Hv(p) such that 
Thus, a satisfactory transfer function to accomplish the mechanization is 
m m  a + al p/v +,,,+ amp /v 
bo + bl p/v +..,+ b pn/vn 
H (E) = - 1 0 0 (309) Hv(P) = -1 
n 
11 
This  
p a r t  
t r a n s f e r  funct ion may, again,  be r e a l i z e d  by 
cullar, Hv(p) may be r e a l i z e d  by a mechanizat 
equat ion 
a v a r i e t y  of methods, I n  
on of t h e  following d-Eferent-a1 
(b vn e + bl v ~ - ~ * + ~ , , + ~ )  - a v n w + a v n-1 - -+, ,o,+ dw a v- dn-lw) , 
0 d t  d t  0 1 d t  n-1 dtn-l 
(3,101 
Here, i t  has been assumed, without l o s s  of gene ra l i t y ,  t h a t  m = n-1 and t h a t  
This mechanization is  depicted i n  Figure 3,2, It is noted t h a t  t he  bn 
t r a n s f e r  funct ion Hv(p) may be r ea l i zed  by the  use of a f ixed  parameter l i n e a r  
f i l t e r ,  However, a d i f f e r e n t  f i l t e r  must be u t i l i z e d  f o r  each s e l e c t i o n  of v o  
= 1, 
Consideration of t he  d i f f e r e n t i a l  equation of (3,10) shows a poss ib l e  means 
f o r  synthesizing a system t h a t  generates a random process t h a t  approximates t h e  
composite process g ( x ( t ) )  when x ( t )  is an a r b i t r a r y  funct ion of t i m e  having a 
second d e r i v a t i v e  r e s t r i c t e d  t o  small magnitudes, I f  t he  v i n  (3,lO) is re- 
def ined as 
t 
x ( t )  = I x (a )  da + x(O), 
0 
t he  d i f f e r e n t i a l  equation of (3,lO) becomes 
4- (bov(t)" e + bl v(t)"" +,,,+ p;) dne 
d t  
dn- 1 
w, 0 dt +,,,+ an-l v ( t >  
dtn-' 
n-1 dw 
= a v(t)" w + al v ( t )  
0 
The d i f f e r e n t i a l  equation of (3,12) may be mechanized by t h e  use of standard 
analog computer elements such as mul t ip l i e r s  and ope ra t iona l  ampl i f i e r s ,  Such 
a mechanization is depicted i n  Figure 303, 
* 
* 
Reference 4, Reference 60 
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The previous discussion has shown t h a t  t he  mechanization 
i n  Figure 303 generates  exac t ly  the composite process g ( x ( t ) )  
x ( t )  = v t  + K regard less  of the  f ixed va lue  assigned t o  v,  A 
system depicted 
f o r  the  case  t h a t  
change i n  the  value 
of v is achieved merely by changing the  value of t he  input  v ( t ) ,  
Because the  system of Figure 3,3 provides an exact  r e a l i z a t i o n  of g ( x ( t ) )  
f o r  any cons tan t  va lue  of v ( t )  i t  is expected t o  provide a c l o s e  approximation 
t o  a c o r r e c t  r e a l i z a t i o n  f o r  s l o w l y  varying func t ions  of t i m e  v ( t )  defined by 
(3011)0  Thus, i n  general ,  t h e  second de r iva t ive  of x ( t )  is t o  be kept t o  a 
small value f o r  b e s t  approximation, 
It is t o  be emphasized t h a t  i n  genera l  any analog computer r e a l i z a t i o n  of 
the  t r a n s f e r  func t ion  of (3,9) provides a p o s s i b i l i t y  of adapta t ion  f o r  approxi- 
mating t h e  composite process g ( x ( t ) ) o  
and o the r  components are added to  the  system t o  allow v ( t )  t o  be appl ied as a 
system input.  One method of accomplishing t h i s  is presented i n  the  next  s e c t i o n o  
To accomplish t h i s  adaptat ion,  m u l t i p l i e r s  
I n  general  t he  e r r o r s  obtained i n  approximating g ( x ( t ) )  are expected t o  
depend on the  procedure used t o  implement the  t r a n s f e r  funct ion HV(p), 
a n a l y s i s  has not  been made t o  evaluate  e r r o r s  i n  approximation, However, f o r  
the  example presented i n  Chapter 4 i t  is  shown t h a t  an exact  r e a l i z a t i o n  of t he  
composite process is  obtained f o r  a r b i t r a r y  non-negative func t ions  v ( t ) ,  
A genera l  
3 ,2  Adjustment of Level of White Noise Generator 
The random process g(x) is  assumed t o  be s t a t iona ry ,  Thus, t he  s ta t is t ical  
2 mean squared va lue  E(g (x ( t ) )  ) of the  composite process g ( x ( t ) )  is independent of 
the  waveform x ( t ) ,  This f a c t  provides a convenient method of ad jus t ing  the  white  
no i se  input  of the  system of Figure 3,3 t o  provide t h e  des i red  mean squared va lue  
of g ( x ( t ) ) ,  To accomplish t h i s ,  t h e  input  v ( t )  i s  ad jus ted  t o  any convenient 
f i xed  value,  The output  of the  system is then a s t a t i o n a r y  Gaussian process i n  
the  t i m e  parameter to  The tirnewise average of the  squared output  is  then equal  
co the  s t a t i s t i ca l  average of t h e  squared output ,  Thus an rms meter may be used 
t o  determine E(g(x( t ) )  ) o  
u n t i l  t h e  rms meter a t  the  output  i nd ica t e s  t he  c o r r e c t  mean squared va lue  f o r  
the  composite process,, 
2 The l eve l s  of the  white  no ise  input  may be va r i ed  
3,3 A Mechanization System 
It w a s  noted i n  the  previous sec t ion  t h a t  any procedure t h a t  r e a l i z e s  the  
t r a n s f e r  func t ion  Hv(p) of (3,9) provides a p o s s i b i l i t y  of adapta t ion  f o r  t h e  
approximation of t h e  composite process g ( x ( t ) ) .  To accomplish t h i s  adapta t ion  
13 
i t  is necessary t o  modify the  mechanization system so t h a t  v,  the  t i m e  de r iva t ive  
of t h e  pos i t i on  x, can be appl ied as a. t ime-funct ion input t o  the  system, 
One method of r e a l i z i n g  the  t r ans fe r  func t ion  Hv(p) is  t o  def ine  a new set * 
of equat ions equivalent  t o  (3 , lo )  f o r  f ixed  pos i t i ve  values  of v o  
de, 
de- 
de .  
0 0 0  
= v ( e  t al w - bl el) -de*-l d t  n 
= v ( a  w - bo e l ) ,  -.p dend t  0 
A mechanization f o r  t h i s  set of equations is shown i n  Figure 3,4,  The 
output  of t he  system of Figure 3 ,4  provides an exact  r e a l i z a t i o n  of the  
composite process g ( x ( t ) )  when the  pos i t i on  parameter v a r i e s  according t o  t h e  
equation x ( t )  = v t  + KO This r e a l i z a t i o n  is  exac t  f o r  any f ixed  value of v o  
I n  accordance with the  d iscuss ion  of t he  preceding sec t ion  the  output  of t he  
system of Figure 3,4 is  expected t o  provide a c lose  approximation t o  t h e  
composite process g ( x ( t ) )  whenever the  second de r iva t ive  of x ( t )  i s  small, 
To accomplish the  mechanization the  input  v t o  the  system is  set equal  
t o  t h e  de r iva t ive  of x ( t ) ,  
dx ( t )  
d t  V '  (3,14) 
¶k 
Reference 8, page 80 
1 4  
- dbl el 
s q u a r e  r o o t  
summers =a- 
$&- 
=a- 
v = d x ( t ) / d t  
I multipliers i n t e g r a t o r s  I 
0 1 
+e2 
I 0 
-den /d t  
aO - (ao  w - bo 
Figure 3.4. A Mechanization System for the Composite 
Process g(x:t)). 
. 
The a and bK in the equations of (3,131 are found by use of the power 
spectral density S (w) of the random process described in the discussion of 
equation (3 1) , 
K 
g 
n-1 a. + al p + a2 p2 +,,,+ a 
b 0 + bl p + b2 p +,,,+ bn-l pn" + pn 
p n-1 
Hg(P) = 2 
Here, the b and m in equation (3,2) have been assumed to be b = 1 and 
m = n-1, 
n n 
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IV, EXAMPLE, EXPONENTIAL AUTOCORRELATION FUNCTION 
In this chapter a mechanization system is synthesized for the generation 
of the composite process g(x(t)) associated with a stationary Gaussian process 
g(x9 having an exponential autocorrelation function, Curves are presented show- 
ing the measured autocorrelation functions for the output of the mechanization 
system compared with the autocorrelation function for g(x(t)), The measurements 
were processed by the procedure discussed in Technical Note No, 3 ,  Ensembles 
of 2 0 0  sample functions each were used in computation of the measured value of 
the autocorrelation function, 
The autocorrelation function for the stationary Gaussian process g(x) is 
assumed to be 
2 Rg(i) = - a - B I T ]  
2B e 
The mean of g(x) is assumed to be zero, The power spectral density for g(x) 
is found by use of ( 2 , 4 )  to be 
By use of (3,l) the transfer function H (p) is 
g 
The transfer function Hv(p) defined by ( 3 , 9 )  is for the present example 
The transfer function HV(p) may be realized by mechanization of the following 
differential equation, 
B v e + k = a  dt JT;;T~ , 
A simplified diagram of an analog computer network that mechanizes ( 4 , s )  is 
shown in Figure 4,1, The system of Figure 4,l provides an exact realization 
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9 of g(x) f o r  a pos i t i on  va r i ab le  x ( t )  - v t  + KO 
s ion  i n  Chapter 3 the  system is  expected t o  approximate the  composite process 
g ( x ( t ) )  when the  pos i t i on  parameter is a funct ion of t i m e  x ( t )  having a s m a l l  
second de r iva t ive ,  
In  accordance with t h e  discus- 
The q u a l i t y  of t h e  approximation of g ( x ( t ) )  may be found by obta in ing  an 
a n a l y t i c a l  so lu t ion  of t he  d i f f e r e n t i a l  equation of (4,5),  I f  v ( t )  is r e s t r i c t e d  
t o  be a non-negative funct ion of t i m e ,  t he  general  so lu t ion  e ( t )  f o r  t he  d i f -  
f e r e n t i a l  equat ion of (4,s) is 
* 
Assuming w( t )  t o  be a s t a t iona ry  Gaussian white no ise  random process 
having power s p e c t r a l  dens i ty  of uni ty ,  the  au tocor re l a t ion  func t ion  f o r  e ( t )  
is  found t o  be 
- 8 1 1  v(a)da  - v(a)dal  
0 0 
2 a = - e  
28 
This  is exac t ly  the  au tocorre la t ion  func t ion  f o r  g ( x ( t ) ) ,  
t i o n  of Figure 4 , l  provides an exact r e a l i z a t i o n  of t he  composite process  
g ( x ( t ) )  when the  f i r s t  d e r i v a t i v e  of x ( t )  is r e s t r i c t e d  t o  be non-negative, 
Thus f o r ' t h e  mechanization considered i n  t h i s  example, the  second d e r i v a t i v e  
of t he  pos i t i on  func t ion  x ( t )  need no t  be r e s t r i c t e d  t o  small values ,  
Thus, the  mechaniza- 
A comparison of t h e o r e t i c a l  values of t he  au tocor re l a t ion  func t ion  of 
g ( x ( t ) )  with va lues  determined experimentally from an implementation of t h e  
system of Figure 4 0 1  is shown i n  Figures 4,2 through 4,5, For t h i s  example 
the  parameters of t h e  power spec t r a l  dens i ty  of (4,2) used were a = 0,016 and 
B * 0,0050 
* 
Reference 2, page 4 3 ,  
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. 
. V, CONCLUSIONS 
I n  t h i s  r epor t  a mechanization procedure has been presented f o r  the  
approximation of a Gaussian random process i n  a pos i t i on  parameter x o  
mechanization system simulates  the  e f f e c t  of t he  random process on a sensing 
element whose v a r i a b l e  pos i t i on  is  spec i f i ed  by the  parameter x ,  The var ia -  
t i o n  i n  pos i t i on  descr ibed by the  funct ion x ( t )  is constrained t o  have a small 
second de r iva t ive  ., 
The 
A synthes is  procedure f o r  obtaining a p a r t i c u l a r  mechanization system f o r  
approximating the  des i red  random process is  presented, Experimental r e s u l t s  
obtained from measurements on a physical mechanization system are given t o  
i n d i c a t e  the  q u a l i t y  of approximation t o  the  des i red  random processo 
The work reported i n  t h i s  technica l  no te  is  p a r t  of a research e f f o r t  
d i r e c t e d  toward the  generat ion of a random process depending on both a t i m e  
and pos i t i on  parametero 
of t he  random wind dis turbances a f f ec t ing  a rocket  i n  f l i g h t ,  It  is f e l t  t h a t  
progress  has been made during t h i s  i nves t iga t ion  on the  genera l  problem of 
approximating a Gaussian random process depending on both a t i m e  and pos i t i on  
parameter, Also, progress  has been made toward the  syn thes i s  of a mechaniza- 
t i o n  system t o  generate  a random process depending on a s i n g l e  pos i t i on  para- 
meter without applying the  cons t r a in t  t h a t  the  second d e r i v a t i v e  of t he  pos i t i on  
parameter must be smallo 
Such a random process has u t i l i t y  f o r  t he  s imulat ion 
24 
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